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Abstract. In error estimates of various numerical approaches for solving decoupled for-
ward backward stochastic differential equations (FBSDEs), the rate of convergence for
one variable is usually less than for the other. Under slightly strengthened smoothness
assumptions, we show that the fully discrete Euler scheme admits a first-order rate of
convergence for both variables.
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1. Introduction

On a filtered complete probability space (22, 7, (Z; )o<i<T, P) Where Z, is generated by
the standard Brownian motion W,, 0 <s < t and T is a fixed time horizon, we consider the
decoupled forward-backward stochastic differential equations (FBSDEs):

dX,=b(t, X )dt+o(t,X.)dW,, Xo=xq, (1.1)
—dy, =f(t, X, ¥e,20)dt —2z,dW,, yr=gXr), (1.2)
where X, = x is the initial condition of the forward equation, y; = g(X;) is the terminal

condition of the backward equation, and b, o, f and g are deterministic functions in R. A
triple (X;,y;,2;) : [0,T] x Q — R x R x R is called a solution of Egs. (1.1) and (1.2) if

*Corresponding author. Email addresses: 13479245@1ife.hkbu.edu.hk (B. Gong), wdzhao@sdu.edu.cn
(W. Zhao)

http://www.global-sci.org/eajam 548 (©)2017 Global-Science Press



Optimal Error Estimates for a Fully Discrete Euler Scheme for Decoupled FBSDEs 549

its components are %,-adapted, square integrable, and satisfy the respective forward and
backward integral equations

t t
X, =X0+J b(s,Xs)ds+J o(s,X,)dW,, te€[0,T],
0 0
T T
ytzg(XT)+J f(s,Xs,ys,zs)ds—J z,dW,, te€[0,T],
t

t

where the two integrals with respect to the Brownian motion W, are Ito-type.

Pardoux & Peng [10] proved the existence and uniqueness of the solution of nonlinear
backward stochastic differential equations (BSDEs) with the % -measurable terminal con-
dition &, and Peng [12] gave the following probabilistic representation for the nonlinear
Feynman-Kac solutions of Egs. (1.1) and (1.2):

.yt = u(t)Xt)J zt = axu(t:Xt)O-(taxt)J te [0) T)) (13)

where u(t, x) is the smooth solution of the partial differential equation
1
Beu(t, x) + b(t, x)B,u(t, x) + 5 0t x)*ecu(t, x) = —f (£, x,u(t, x), Beu(t, x)o (t,x)),

with the terminal condition u(T, x) = g(x). Subsequently, FBDSESs have been studied exten-
sively and applied in many fields — e.g. mathematical finance, stochastic optimal control,
nonlinear expectation, risk measure, and related problems [4,5,11,13]. It is very diffi-
cult to find solutions in explicit closed form, so considerable attention has been paid to
the numerical solution of FBSDEs and many numerical schemes have already been pro-
posed [1-3,6,14-21]. Here we reconsider the fully discrete Euler scheme for decoupled
FBSDEs proposed in Ref. [14], and under certain regular conditions on the data b, o, f
and g we prove its first-order sup-norm convergence in solving Egs. (1.1) and (1.2). In
Section 2, some preliminaries are introduced, and the fully discrete Euler scheme is dis-
cussed in Section 3. Our error estimates of the scheme are derived in Section 4, and some
concluding remarks are made in Section 5.

2. Preliminaries

Let us first list some notation — viz.

o Cﬁ’k’k’k : the set of continuously differentiable functions 2 : [0, T] x Rx R xR — R

with uniformly bounded partial derivatives afla,f ! 8; 2 8}31,0 for0<{; <{¢{and 0 <
ki + ko + k3 < k. Analogous definition applies for C ﬁ’k.

o (X%, ¥y ,20™) : solution (X, y,,z.) of (1.1), (1.2) with initial condition replaced by
X, =x,forr <t.And (XX, y*,27) = (X", v, 20%).

o Z" : the o-field generated by {X* |r <s < t}, forr <t.



