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Abstract. We discuss a control problem involving a stochastic Burgers equation with
a random diffusion coefficient. Numerical schemes are developed, involving the finite
element method for the spatial discretisation and the sparse grid stochastic collocation
method in the random parameter space. We also use these schemes to compute closed-
loop suboptimal state feedback control. Several numerical experiments are performed,
to demonstrate the efficiency and plausibility of our approximation methods for the
stochastic Burgers equation and the related control problem.
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1. Introduction

In the study of turbulence phenomena, the Burgers equation provides a simplified and
interesting model. For a better understanding of the important problem of the control of
turbulence, it has been suggested that involving this equation can be the first step towards
application to fluid mechanics problems. Following this strategy, our aim is to study control
problems for this equation and to develop computational tools which are powerful enough
so that they can be used for the Navier-Stokes equations.

We consider the stochastic Burgers equation with a random coefficient and its dis-
tributed control problem, where we want to find an optimal control f*(t) which minimises
the cost functional

J(f)=IE[ J (||u(r)||§2(m+/3||f(r)||§2(m)dr], 11
0
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subject to
0 o o o
Eu(w, t,x)— I (a(w,x)au(w, t,x)) —u(w, t,x)au(w, t,x)
=f(w,t,x) in (0,00)xD, (1.2)

u|{o}><D =up(x), u|(O,T]><3D =0,

where D is [0,1] and 8 > 0 is a weight. The diffusion coefficient a(w, x) and the force
term f(w, t,x) are random processes on the spatial domain and temporal-spatial domain,
respectively. Here uy(x) is considered to be a deterministic data function and E denotes an
expected value, which is defined as the Lebesque integral in a complete probability space
(22, Z,P) where Q is any set,  is a o-algebra of subsets of 2 and P is a probability measure
on & [11,20].

Control problems of the deterministic Burgers equation have been studied by many au-
thors [1,3,4,17,19,21,26,27], and stochastic control problems with additive white noise
in Refs. [9,12]. Here we focus on the case of a random process acting on a diffusion coeffi-
cient [13,14]. Although the Burgers equation is often considered as the prototype for fluid
flow, this equation can also be used as a reasonable mathematical model in other physical
contexts such as traffic flow, supersonic flow about airfoils, acoustic transmission, and tur-
bulence in hydrodynamic flows. In brief, the Burgers equation can be regarded as a suitable
model for nonlinear wave propagation problems subject to dissipation [15]. Depending on
the model problem, this dissipation may result from viscosity, heat conduction, mass diffu-
sion, thermal radiation, chemical reaction, etc.. Thus we also take the viewpoint that the
Burgers equation is a variation of the linear heat equation, and an heterogeneous body can
be modelled with a variable thermal conductivity coefficient (diffusion coefficient) depen-
dent on spatial position. Moreover, when there is a lack of information or uncertainty in
the input data, this coefficient can be represented as a random field with estimated statis-
tics.

Our goal here is to develop numerical schemes for a feedback control in minimising a
cost function (1.1) subject to the stochastic Burgers equation (1.2). We adopt the finite
element method in the spatial discretisation, and sparse grid stochastic collocation in a pa-
rameter space where random variables are involved. Later, we illustrate that the sparse
grid collocation method is efficient in the optimal choice between the number of nodes and
the error in a high-dimensional parameter space to obtain appropriate statistical informa-
tion. For the optimal control of the Burgers equation, we introduce a feedback law for a
linearised equation (i.e. a linear parabolic equation), obtained from a closed-loop system
relating the linear quadratic regulator (LQR) theory and the linear quadratic estimation
(LQE) problem. The feedback control law from the linearised problem produces the de-
sired extent of stability for the closed-loop nonlinear system, although from the viewpoint
of control theory this kind of strategy is actually suboptimal.

In Section 2, we introduce some function spaces, notations and assumptions needed
throughout this article. In Section 3, we present a variational formulation for the stochastic
burgers equation in order to apply the finite element approximation, and then employ a
computable discretisation of the spatial domain in the stochastic sense. We briefly describe



