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Abstract. The paper aims to develop an effective preconditioner and conduct the con-
vergence analysis of the corresponding preconditioned GMRES for the solution of dis-
crete problems originating from multi-group radiation diffusion equations. We firstly
investigate the performances of the most widely used preconditioners (ILU(k) and
AMG) and their combinations (Bco and B̃co), and provide drawbacks on their feasibili-
ties. Secondly, we reveal the underlying complementarity of ILU(k) and AMG by ana-
lyzing the features suitable for AMG using more detailed measurements on multiscale
nature of matrices and the effect of ILU(k) on multiscale nature. Moreover, we present
an adaptive combined preconditioner Bα

co involving an improved ILU(0) along with
its convergence constraints. Numerical results demonstrate that Bα

co-GMRES holds the
best robustness and efficiency. At last, we analyze the convergence of GMRES with
combined preconditioning which not only provides a persuasive support for our pro-
posed algorithms, but also updates the existing estimation theory on condition num-
bers of combined preconditioned systems.
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1 Introduction

Equations of radiation hydrodynamics (RHE), which play a quite important role in nu-
merical simulations of inertial confinement fusion (ICF), contain a set of coupled equa-
tions that describe the motion of fluids and radiative transition processes, where the for-
mer is described by a multi-material Eulerian hydrodynamic equations while the latter
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approximatively by multi-group radiation diffusion (MGD) equations [1]. It is a widely-
used way to discretize the hydrodynamic equations explicitly and implicitly for MGD
equations, which gives rise to large-scale sparse linear systems solved for high resolu-
tions. It should be stressed that the computational costs occupy the predominantly time-
consuming part (more than 80% in general), numerical solutions of discretized algebraic
systems become the crucial bottleneck in ICF simulations. The preconditioned iterative
method is a primary choice to handle them, although its efficiency is affected severely by
the preconditioner.

In recent years, numerous preconditioners constructed for radiation diffusion equa-
tions have been presented, see [2–10] and references therein for details. These precondi-
tioners mainly fall into several preconditioning algorithms, such as incomplete LU factor-
ization (ILU) [11,12] and algebraic multigrid method (AMG) [13,14], which will be called
standalone preconditioners below. However, the actual physical modelings of ICF are
becoming more and more meticulous along with the development of high-performance
computers and the capability of numerical simulations. The existing standalone pre-
conditioners are difficult or even no more to adapt to numerical simulations of complex
physical modelings, which is mainly due to the following two aspects: (i) they are not de-
signed for MGD but for the 3-temperature heat-conduction equations, hard to handle the
complex coupling relationships in MGD; (ii) they usually lack inconsistency with respect
to the different matrices from nonlinear iterations at each integration time-step, nearly
impossible to accurately simulate a problem with up to 105 integration time-steps.

More recently, Hu et al. [15] proposed a combined preconditioner Bco, which was suc-
cessfully employed to solve symmetric and positive definite (SPD) linear systems arising
from petroleum reservoir simulations. On this basis, we develop an adaptive combined
preconditioner Bα

co, and apply it to MGD equations and further an actual numerical sim-
ulation of ICF implosion. We firstly introduce the popular strength measurement ψ and
define the distribution measurements φ and ̺ on the multiscale nature of an arbitrary ma-
trix, where ̺ is the number of magnitude intervals, and φ reflects how close these mag-
nitude intervals are. Secondly, we obtain three adaptability conditions ensuring the fea-
sibility of AMG by an investigation of two-dimensional convection-diffusion equations
and classical one-group and twenty-group problems. Meanwhile we provide the fact that
ILU(k) can weaken the multiscale strength and concentrate corresponding distributions,
which brings to light their underlying complementarity and offers theoretical help to the
effectiveness of combined preconditioners. Moreover, we present an improved ILU(k) by
adopting a simpler criterion to filtrate tiny matrix elements prior to performing ILU(k)
factorization, namely IL̂Û(k) in this study, which is a subtle version roughly equivalent
to ILU(k) but with a notable reduction in memory storage and computational cost when
disposing of multiscale problems. Bα

co is subsequently achieved by an additional heuristic
remedy on IL̂Û(0)-GMRES. Our numerical results verify the considerable advantage of
Bα

co over others.

In addition, we obtain a qualitative convergence estimation of a nonsymmetric com-
bined preconditioner. Its analysis procedure consists of a transformation into the estima-


