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Abstract. In this paper, we present some efficient numerical schemes to solve a two-
phase hydrodynamics coupled phase field model with moving contact line bound-
ary conditions. The model is a nonlinear coupling system, which consists the Navier-
Stokes equations with the general Navier Boundary conditions or degenerated Navier
Boundary conditions, and the Allen-Cahn type phase field equations with dynamical
contact line boundary condition or static contact line boundary condition. The pro-
posed schemes are linear and unconditionally energy stable, where the energy stabili-
ties are proved rigorously. Various numerical tests are performed to show the accuracy
and efficiency thereafter.
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1 Introduction

Phase field (or diffuse interface) methods have been used widely and successfully to sim-
ulate a variety of interfacial phenomena, and have become one of the major tools to study
the interfacial dynamics in many science and engineering fields (cf. [4–6,8,9,12,13,15,16,
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25] and the references therein). The starting point of the phase-field approach is that the
interface between multiple material components is viewed as a transition layer, where
the two components are assumed to mix to a certain degree. Hence, the dynamics of the
interface can be determined by the competition between the kinetic energy and the “elas-
tic” mixing energy. Based on the variational formalism, the derived phase field model
usually follows the thermodynamically consistent (or called energy stable) energy dis-
sipation law, making it possible to carry out mathematical analysis, to develop efficient
numerical schemes, and further to perform reliable numerical simulations.

In typical phase field models, there are mainly two categories of system equations: the
Allen-Cahn equation (Bray [2]) and the Cahn-Hilliard equation (Cahn and Hilliard [3]),
based on choices of diffusion rates. From the numerical point of view, the Allen-Cahn
equation is a second-order equation, which is easier to solve numerically but does not
conserve the volume fraction, while the Cahn-Hilliard equation is a fourth-order equa-
tion which conserves the volume fraction but is relatively harder to solve numerically.
Since the PDE of either system usually follows the energy law, people are particularly
interested in developing efficient numerical schemes that can satisfy a thermo-consistent
energy law in the discrete level. Moreover, it is specifically desirable to develop some
“easy-to-implement” (linear or decoupled) schemes in order to avoid expensive compu-
tational cost spent on the iterations needed by the nonlinear schemes.

In [18–21], the authors developed an efficient phase field model to simulate the so
called “moving contact line” (MCL) problem, where the fluid-fluid interface may touch
the solid wall. For such situation, the simple no-slip boundary conditions implying that
the position of the contact line does not move, are not applicable since there may ex-
ist quite a few molecules near the surface that they “bounce along” down the surface.
Thus the phase field model derived in [18–21] consists of Navier-Stokes equations with
the general Navier boundary condition (GNBC), and the equations for the phase field
variable with the so-called dynamical contact line boundary condition (DCLBC). Due to
the considerations of volume conservation, the dynamics of the phase field variable is
governed by the fourth order Cahn-Hilliard equation. We recall that a nonlinear, energy
stable numerical scheme was proposed in [10], where the convective term was treated
semi-implicitly, and the double well potential was handled by the convex splitting ap-
proach. Such a scheme requires solving a coupled nonlinear system that usually is not
convenient for the computations.

Therefore, in this paper, we aim to develop some efficient numerical schemes to solve
the phase field model with MCLs. To avoid the difficulties to solve the fourth order
Cahn-Hilliard equation, we adopt the second order Allen-Cahn equation by assuming
that the relaxation of the phase variable is governed by the L2 gradient flow. To overcome
non-conservation of the volume fraction, an extra term is added in the free energy to
penalize the volume, which is one of the common practices in the framework of phase
field models [8, 26]. We develop two numerical schemes, one for the static contact line
boundary condition (SCLBC) and the other for the DCLBC. Both schemes are linear and
unconditionally energy stable. Moreover, the computations of the phase variable are


