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Abstract. In the present article, we deal with the so-called overconvergence phe-
nomenon in C of a slightly modified Post-Widder operator of real variable, that is with
the extension of its approximation properties from the real axis in the complex plane.
In this sense, error estimates in approximation and a quantitative Voronovskaya-type
asymptotic formula are established.
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1 Introduction

In the case of real functions, in e.g., [2], Chapter 9, the slightly modified Post-Widder
operator given by

Pn( f ;x)=
1

(n−1)!
·
(n

x

)n∫ +∞

0
tn−1e−nt/x f (t)dt

is considered, where f : [0,+∞)→R, x>0.
It is clear that

Pn+1( f ;x)=
1
n!
·
(

n+1
x

)n+1∫ +∞

0
tne−(n+1)t/x f (t)dt
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and passing here from the discrete parameter n to a continuous parameter s≥1, we can
consider the form (after the change of variable w= t/x)

Ps( f ;x)=
1

Γ(s+1)
·
(

s+1
x

)s+1∫ +∞

0
tse−(s+1)t/x f (t)dt

=
(s+1)s+1

Γ(s+1)
·
∫ +∞

0
e−(s+1)wws f (wx)dw.

Denoting ei(x)= xi, i=0,1,2, according to [2], Chapter 9 (see, also [8]) we have

Ps(e0;x)=1, Ps(e1;x)= x, Ps(e2;x)= x2+
x2

s+1
,

Ps((e1−x)2;x)=
x2

s+1
,

and

Ps(ek;x)=
(s+1)·····(s+k)

(s+1)k ·xk for all s≥1, k∈N. (1.1)

Remark 1.1. In the paper [1] (see also [9], pp. 287), the original Post-Widder operator
given by the formula

Ln( f )(x)=
1
n!

(n
x

)n+1∫ ∞

0
e−nu/xun f (u)du

=
nn+1

n!

∫ ∞

0
e−nvvn f (vx)dv x>0, f ∈C[0,+∞),

is studied. Note that simple calculations lead us to

Ln(e0;x)=1, Ln(e1;x)= x+
x
n

,

Ln(e2;x)=
(

1+
1
n

)(
1+

2
n

)
x2, Ln((e1−x)2;x)= x2

(
1
n
+

2
n2

)
.

In any case, the original Post-Widder operators Ln( f ;x), do not reproduce the linear func-
tions as the modified ones Ps( f ;x) do.

The overconvergence phenomenon, that is the extension of approximation proper-
ties of the positive and linear operators from the real axis in the complex plane, is an
intensively studied topic in approximation theory. Thus, for example, the first author es-
timated the approximation properties of many complex operators in the book [3], while
some other complex operators of Durrmeyer type have been discussed in, e.g., [4, 6, 7]
and [5], to mention only a few.

In the present paper, we study the approximation properties of a complex operator
Ps of Post-Widder type.


