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Abstract. In this short note, we show the behavior in Orlicz spaces of best approxima-
tions by algebraic polynomials pairs on union of neighborhoods, when the measure of
them tends to zero.
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1 Introduction

Let ∅ 6= X ⊂R be an open and bounded set. We denote by M=M(X) the equivalence
class of all real Lebesgue measurable functions on X. Let Φ be the set of convex functions
φ :R+→R+, with φ(x)>0 for x>0 and φ(0)=0.

For each φ∈Φ, define

Lφ= Lφ(X)=
{

f ∈M :
∫

X
φ(α| f (x)|)dx<∞ for some α>0

}

.

The space Lφ is called an Orlicz space determined by φ. This space is endowed with the
Luxemburg norm defined by

‖ f‖φ = inf
{

λ>0 :
∫

X
φ
( | f (x)|

λ

)

dx≤1
}

,

and so it becomes a Banach space. Sometimes we write ‖·‖Lφ(W) instead of ‖ f χW‖φ,
where χW denotes the characteristic function on W⊂X.
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We assume that φ∈Φ satisfies the ∆2-condition, that is, there exists a constant γ> 0
such that φ(2x)≤γφ(x) for all x≥0. In this case,

∫

X
φ
( | f (x)|

‖ f‖φ

)

dx=1.

A detailed treatment about these subjects may be found in [5].

Given x1<···<xk in X, k≥1, for δ>0 small enough we define a net of pairwise disjoint
sets Vj=Vj(δ) :=xj+ε j(δ)Aj⊂X, 1≤ j≤k, where ε j = ε j(δ)ց0 as δ→0, and each interval
Aj, independent of δ, has Lebesgue measure 1.

Let a ∈R, n,m ∈ N∪{0} and let Πn be the class of algebraic polynomials with real
coefficients of degree at most n. For r∈{0,1}, let Πm(a,r)= {Q∈Πm : Q(a)= r} and we
consider the sets

S
n
m(a) :=Πn×Πm(a,1) and Πn

m(a) :=
{ P

Q
: (P,Q)∈Πn×Πm(a,0), Q 6=0

}

.

Given a function f ∈ Lφ, we say that (Pδ,Qδ)∈Sn
m(a) is a best ‖·‖φ-approximant pair of

f from Sn
m(a) respect to ‖·‖Lφ(V) if

‖ f Qδ−Pδ‖Lφ(V)≤‖ f Q−P‖Lφ(V), (P,Q)∈S
n
m(a), (1.1)

where V =
⋃k

j=1Vj. It is easy to see that (Pδ,Qδ) exists. In fact, let Q∗(x) = 1, x ∈ R.

Then Πm(a,1)=Q∗+Πm(a,0) and we see that existence of a minimizing pair for (1.1) is
equivalent to the existence of a minimum of

‖ f −R‖Lφ(V), R∈R
n
m( f ,a), (1.2)

where

R
n
m( f ,a) := f Πm(a,0)+Πn

is a finite dimensional subspace of Lφ. Clearly, (1.2) is minimized by some R0= f Q0+P0∈
Rn

m( f ,a), so that (P0,Q∗−Q0) is a best ‖·‖φ-approximant pair of f from Sn
m(a) respect to

‖·‖Lφ(V).

We observe that if f /∈ Πn
m(a), then Rm

n ( f ,a) has dimension n+m+1 and Rn
m( f ,a) =

f Πm(a,0)⊕Πn

If the net (Pδ,Qδ) has a limit in Sn
m(a) as δ → 0, this limit is called a best local ‖·‖φ-

approximation of type (n,m) of f from Sn
m(a) on {x1,··· ,xk}.

We denote by PCt(X) the class of functions with t−1 continuous derivatives and
bounded, piecewise continuous tth derivative on X. Let f ∈PCt(X), (P,Q)∈Πn×Πm, and
let 〈ij〉 be an ordered N-tuple of nonnegative integers with ij ≤ t and ∑

N
j=1 ij =n+m+1. If

( f Q−P)(i)(yj)=0, j=1,2,··· ,N, i=0,1,··· ,ij−1, (1.3)


