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Abstract. We will study the strong approximation by Fourier-Vilenkin series using
matrices with some general monotone condition. The strong Vallee-Poussin, which
means of Fourier-Vilenkin series are also investigated.
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1 Introduction

Let P={pn}∞
n=1 be a sequence of natural numbers such that 2≤ pi ≤N, i∈N={1,2,···}.

By definition Z(pj)={0,1,··· ,pj−1}, m0=1, mn=p1 p2 ··· pn for n∈N. Then every x∈[0,1)
has an expansion

x=
∞

∑
n=1

xn

mn
, xn ∈Z(pn), n∈N. (1.1)

For x= k/ml , 0< k<ml , k,l ∈N, we take the expansion with a finite number of xn 6=
0. Let G(P) be the Abel group of sequences x = (x1,x2,···), xn ∈ Z(pn), with addition
x⊕y = z = (z1,z2,···), where zn ∈ Z(pn) and zn = xn+yn (mod pn), n ∈ N. We define
maps g : [0,1)→ G(P) and λ : G(P)→ [0,1) by formulas g(x) = (x1,x2,···), where x is
in the form (1.1) and λ(x) = ∑

∞
i=1 xi/mi, where x ∈ G(P). Then for x,y ∈ [0,1), we can

introduce x⊕y :=λ(g(x)⊕g(y)), if z= g(x)⊕g(y) does not satisfy equality zi = pi−1 for
all i≥ i0. In a similar way, we introduce x⊖y and for all x,y∈ [0,1) generalized distance
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ρ(x,y)=λ(g(x)⊖g(y)). Every k∈Z+={0,1,2,···} can be expressed uniquely in the form
of

k=
∞

∑
n=1

knmn−1, kn ∈Zn, n∈N. (1.2)

For a given x ∈ [0,1) with expansion (1.1) and k ∈ Z+ with expansion (1.2), we set
χk(x)= exp(2πi∑∞

j=1 xjkj/pj). The system {χk}
∞
k=0 is called a multiplicative or Vilenkin

system. It is orthonormal and complete in L[0,1) and we have

χk(x⊕y)=χk(x)χk(y), χk(x⊖y)=χk(x)χk(y),

for a.e. y, whenever x∈ [0,1) is fixed (see [8, Section 1.5]).
The Fourier-Vilenkin coefficients and partial Fourier-Vilenkin sums for f ∈L1[0,1) are

defined by

f̂ (k)=
∫ 1

0
f (x)χk(x)dx, k∈Z+ , Sn( f )(x)=

n−1

∑
k=0

f̂ (k)χk(x), n∈N.

If f ,g ∈ L1[0,1), then f ∗g(x) =
∫ 1

0 f (x⊖t)g(t)dt =
∫ 1

0 f (t)g(x⊖t)dt. For Dirichlet kernel

Dn(t)=∑
n−1
k=0 χk(t), n∈N, we have an equality Sn( f )(x)=

∫ 1
0

f (x⊖t)Dn(t)dt. The space
Lp[0,1), 1≤ p<∞ consists of all measurable functions f on [0,1) with finite norm ‖ f‖p =

(
∫ 1

0 | f (t)|
pdt)1/p. If ω∗( f ,δ)∞ := sup{| f (x)− f (y)| : x,y∈ [0,1), ρ(x,y)< δ}, δ∈ [0,1], then

C∗[0,1) contains all functions f with property limh→0ω∗( f ,h)∞=0 and finite norm ‖ f‖∞=
supx∈[0,1) | f (x)|.

Let us introduce a modulus of continuity ω∗( f ,δ)p = sup0<h<δ‖ f (x⊖h)− f (x)‖p in

Lp[0,1), 1≤p<∞. If Pn={ f ∈L1[0,1) : f̂ (k)=0,k≥n}, then En( f )p=inf{‖ f−tn‖p,tn∈Pn},
1 ≤ p ≤ ∞. Let ω(δ) be a function of modulus of continuity type (ω(δ)∈ Ω), i.e., ω(δ)
is continuous and increasing on [0,1) and ω(0) = 0. Then the space Hω

p [0,1) consists
of f ∈ Lp[0,1) (1 ≤ p < ∞) or f ∈ C∗[0,1) (p = ∞) such that ω∗( f ,δ)p ≤ Cω(δ), where C
depends only on f . Denote by hω

p the subspace of Hω
p consioting of all functions f such

that limh→0ω∗( f ,h)p/ω(h)=0. The spaces hω
p [0,1) and Hω

p [0,1), 1≤ p≤∞, with the norm
‖ f‖p,ω = ‖ f‖p+sup0<h<1ω∗( f ,h)p/ω(h) are Banach ones. In hω

p [0,1) we can consider
En( f )p,ω = inf{‖ f −tn‖p,ω,tn ∈Pn}, n∈N.

Let A={ank}
∞
n,k=1 be a lower triangle matrix such that

an,k ≥0, n,k∈N,
n

∑
k=1

an,k =1. (1.3)

Using matrix A, we can define a summation method by formula

Tn( f )(x)=
n

∑
k=1

an,kSk( f )(x).


