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Abstract. We will study the strong approximation by Fourier-Vilenkin series using
matrices with some general monotone condition. The strong Vallee-Poussin, which
means of Fourier-Vilenkin series are also investigated.
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1 Introduction

Let P={p,}3_, be a sequence of natural numbers such that2<p; <N,ieIN={1,2,--- }.
By definition Z(p;)={0,1,---,pj—1}, mo=1, my=p1pa---pu for n€N. Then every x€[0,1)
has an expansion

xzzﬁ, x, €Z(py), neN. (1.1)

n=1"Mn

For x=k/m;, 0 <k <my, k,I €N, we take the expansion with a finite number of x, #
0. Let G(P) be the Abel group of sequences x = (x1,x2,:+), X, € Z(py), with addition
x®y =z =(z1,22,-+), where z, € Z(p,) and z, = x,+y, (mod p,), n € N. We define
maps ¢:[0,1) = G(P) and A: G(P) — [0,1) by formulas g(x) = (x1,x2,---), where x is
in the form (1.1) and A(x) =Y ;2 x;/m;, where x € G(P). Then for x,y € [0,1), we can
introduce x®y:=A(g(x)®g(y)), if z=g(x)®g(y) does not satisfy equality z; = p;—1 for
all i >iy. In a similar way, we introduce x©y and for all x,y € [0,1) generalized distance
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p(x,y)=A(g(x)©g(y)). Every ke Z. ={0,1,2,--- } can be expressed uniquely in the form
of

k=Y kpmuy_1, ko€Z, neN. (1.2)
n=1

For a given x € [0,1) with expansion (1.1) and k € Z with expansion (1.2), we set
Xi(x) =exp(27i} 2 x;k;/ pj). The system {xx};2 is called a multiplicative or Vilenkin
system. It is orthonormal and complete in L[0,1) and we have

xc(x0y) =xc()xe),  xx(x0y) =xx(*)xc(y),

for a.e. y, whenever x €[0,1) is fixed (see [8, Section 1.5]).
The Fourier-Vilenkin coefficients and partial Fourier-Vilenkin sums for f € L'[0,1) are
defined by

n—1
=47umumw,kezh ()0 = L0, neN

Iffge L'[0,1), then fxg(x fo f(xot)g(t)dt :folf (xot)dt. For Dirichlet kernel

Dy (t) = 7= xx(t), n €N, we have an equality S,(f)(x)= folf(x@t)Dn(t)dt. The space
LP[0,1), 1< p <o consists of all measurable functions f on [0,1) with finite norm || f||, =
(Jo LF(OIPde) /P TE W (£,6)c0 i=sup{| f(x) = f(y)] : 2,y € [0,1), p(x,y) <8}, $€[0,1], then
C*[0,1) contains all functions f with property lim,_,ow*(f,h)s=0 and finite norm || f||c=
supc o £ (x)].

Let us introduce a modulus of continuity w*(f,6), =supy_;,.; | f(x©h)—f(x)[/, in
LP[0,1), 1<p<oo. If P, ={f€L[0,1):f (k) =0,k>n}, then E,(f),=inf{| f—tulp,tn €Pu},
1<p<oo. Let w(d) be a function of modulus of continuity type (w(d) € Q)), i.e., w(d)
is continuous and increasing on [0,1) and w(0) =0. Then the space H'[0,1) consists
of feLP[0,1) (1< p<co)or feC*0,1) (p=oco) such that w*(f,d), < Cw(d), where C
depends only on f. Denote by I the subspace of Hy’ consioting of all functions f such
that limy, ,ow*(f,h),/w(h)=0. The spaces 1[0,1) and Hy'[0,1), 1 <p <o, with the norm
1 fllpw = [l fllp+supgopqw*(f,h)p/w(h) are Banach ones. In h[0,1) we can consider
En(f)pw=mf{||f —tullpw,tn €Pn}, n€N.

Let A={a,};_, be alower triangle matrix such that

n
Ay >0, nkeN, Y a,,=1. (1.3)
k=1

Using matrix A, we can define a summation method by formula

)= Y ansSk(f) (x)
k=1



