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Abstract. Let [P, be the class of polynomials of degree at most n. Rather and Shah [15]
proved that if P€P, and P(z) #0 in |z| <1, then for every R>0and 0 <g <oo,

[R"B[z"]+Aolq

|B[P<RZ)]|WS |1+Zn|q

[P(2)lg,
where B is a B-operator.

In this paper, we prove some generalization of this result which in particular yield-
s some known polynomial inequalities as special. We also consider an operator Dy
which maps a polynomial P(z) into DsP(z) :=nP(z)+(a—z)P'(z) and obtain exten-
sions and generalizations of a number of well-known L, inequalities
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1 Introduction and statement of results

Let IP, be the class of polynomials P(z) =Y. a]-zj of degree at most n. For P € P, define

127 e
IPElyi={ 5z [ P}, 1<0<e,
and
IP(:) o = max|P(2)
If PelP,, then
7@l <@l 021 a1
and
IP(Re) [y <Ry, R>1, g0 12
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The inequality (1.1) is found by Zygmund [17], while the inequality (1.2) is a simple de-
duction from the maximum modulus principle [8]. Arestov [1] proved that (1.1) remains
true for 0 <g <1 as well. If we restrict ourselves to the class of polynomials having no
zeros in |z| < K, K >1, the inequality (1.1) can be improved. In fact, it was shown by
Malik [9] that

1P (2) oo < e IP(E) e (13

Govil and Rahman [7] extended (1.3) to L7 inequality and proved that if P(z) does not
vanish in |z| <K, K>1, then

n
HP/(Z)HquHP(Z)Hq/ q>1, (1.4)

which contains the inequality (1.3) as a special case and Gardner and Weems [6] extended
itfor0<g<1.

Also Boas and Rahman [4] proved for >1 and Rahman and Schmeisser [11] extended
it for 0 <g <1 thatif P(z) #0 for |z| <1, then

[[R"z+1]l4

HP(RZ)HQ— [1+z ||q

[P(z)[l, R>1, g>0. (1.5)

Rahman [15] introduced operators preserving inequalities between polynomials.

Let T be a linear operator carrying polynomials in IP,, into polynomials in IP,,. T is a
B,-operator if for every polynomial P(z) of degree n having all its zeros in the closed unit
disc, T[P] has all its zeros in the closed unit disc.

Let Ag, A1 and A; be such that Ag+nA;z+n(n—1)Ayz% #0 for Re(z) >n/4. Then, the
operator B, which associates with a polynomial P(z) of degree at most n the polynomial

1 / 1 2 /!
B[P(2)] =20P(2)+ 3 M1 (52) P (2) + 522 (52) P (2), (1.6)
is a By-operator [15].
Rahman [12] proved that
|B[P(2)]| <M|B[z"]|, |z[=1,

where |P(z)| <M for |z| =
For the class of polynomial having no zeros in |z| <1, Rather and Shah [15] proved
the following result:

Theorem 1.1. Let PP, and P(z) #0 in |z| <1, then for every R>1and 0<g< oo,

IR"B[z"]+Ag
142"

IBP(R2)][, < o)1z, 17)

where B is given by (1.6). The result is sharp, as is shown by the extremal polynomial P(z) =
az"+b, |a|=|b| #0.



