
Analysis in Theory and Applications
Anal. Theory Appl., Vol. 34, No. 2 (2018), pp. 103-111

DOI: 10.4208/ata.2018.v34.n2.1

Some Estimates for the Fourier Transform on Rank 1
Symmetric Spaces

M. El Hamma∗, R. Daher and A. Akhlidj
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Abstract. Two estimates useful in applications are proved for the Fourier transform in
the space L2(X), where X a symmetric space, as applied to some classes of functions
characterized by a generalized modulus of continuity.
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1 Introduction and preliminaries

In [2], Abilov et al. proved two useful estimates for the Fourier transform classic in the
space of square integrable functions on certain classes of functions characterized by the
generalized continuity modulus, using a translation operator.

In this paper, we prove the analog of Abilov’s results see [2] in the Fourier transform
on rank 1 symmetric space.

Let X=G/K where G is a connected noncompact semisimple Lie group with finite
center and real rank one and K is a maximal compact subgroup. The form of Cartan
decomposition is defined by g=ε+p, where ε is the Lie algebra of K. And g=ε+a+n is
Iwasawa decomposition, where a is a maximal abelian subalgebra of p and n is a nilpotent
subalgebra of g. The rank one condition is that dima=1. the nilpotent subalgebra n has
root space decomposition n=nγ+n2γ, where γ and 2γ are the positive roots. Let mγ and
m2γ be the respective root space dimensions and set ρ= 1

2 (mγ+2m2γ). Choose H0∈a such
that γ(H0)=1. This allows identifying a with R by the map t∈R←− tH0∈ a, and denote
a∗ the real dual space of a.

Let G=NAK be the Iwasawa decomposition of the group G, and g, ε, a, and n the
respective Lie algebras of the groups G, K, A, and N. Denote by M the centralizer of the
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subgroup A in K and put B=k/M. Let dx be a G-invariant measure on X, and let db and
dk be the respective normed K-invariant measure on B and K.

The finite Weyl group W acts on a∗. Suppose that ∑ is the set of bounded roots (∑⊂a∗),
∑+ is the set of positive bounded roots, and a+={h∈a; α(h)>0 for α∈∑+} is the positive
Weyl chamber. Let 〈,〉 be the Killing form on the Lie algebra g. For λ∈ a∗ we denote by
Hλ the vector in a such that λ(H)= 〈Hλ,H〉 for all H in a. Let

a∗+={λ∈ a∗, Hλ∈ a+}.

The dimension of X is equal to

dimX=mγ+m2γ+1.

We return to the case in which X=G/K is an arbitrary symmetric space. Given g∈G,
denote by A(g)∈ a the unique element satisfying

g=n1 ·expA(g)·u,

where u∈K and n1∈N. For x= gK∈X and b= kM∈B=K/M, we put

A(x,b)=A(k−1g).

In terms of this decomposition, the invariant measure dx on X has the form

dx=∆(t)dtdk,

where ∆(t) = ∆(α,β)(t) = (2sinht)2α+1(2cosht)2β+1, α = (mγ+m2γ−1)/2 and β = (m2γ−
1)/2. The Laplacian on X is denoted L and its radial part is given by

Lr =
d2

dt2 +
∆
′
(t)

∆(t)
d
dt

.

The spherical function on X is the unique radial solution to the equation

Lφ=−(λ2+ρ2)φ.

The spherical function is defined by

φλ(x)=φ
(α,β)
λ (x)=

∫
B

e(iλ+ρ)A(x,b)db.

Lemma 1.1. Let α > −1
2 , α≥ β≥ −1

2 , and let t0 > 0. Then for |η| ≤ ρ, there exists a positive
constant C1=C1(t0,α,β) such that

|1−φµ+iη(t)|≥C1|1− jα(µt)|,

where jα(t) is a normalized Bessel function of the first kind.


