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Abstract. In this paper, we will establish the boundedness of the commutator generated

by fractional integral operator and RBMO(µ) function on generalized Morrey space in the

non-homogeneous space.
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1 Introduction

Suppose µ is a non-negative Radon measure on Rd satisfying only the following growth

condition: there exist constants C > 0 and n ∈ (0,d] such that for all x ∈ Rd and r > 0

µ(B(x,r)) 6 Crn
, (1)

where

B(x,r) = {y ∈ Rd : |y− x| < r}.

The Euclidean space Rd with a non-negative Radon measure only satisfying the growth condi-

tion is called a nonhomogeneous space.

In 2001, Tolsa developed a series of basic theory on nonhomogeneous space and introduced

RBMO(µ) space. Recently, the properties of fractional integral commutator on Morrey space
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are studied in [2]. The purpose of this article is to establish the boundedness of the commutator

generated by fractional integral operator and RBMO(µ) function on the generalized Morrey

space in nonhomogeneous space. Before giving the main result, we introduce some necessary

notations.

Let (Rd ,µ) be a nonhomogeneous space and Q a closed cube in Rd with sides parallel to the

axes, we denote its sidelength by l(Q). For α > 0, αQ stands for the cube with the same center

as Q and having sidelength α l(Q). Given α > 1,β > αn, where n is the fixed number in growth

condition , we say Q is a (α ,β ) doubling cube if µ(αQ) 6 β µ(Q). In the following, if α and

β are not specified, by a doubling cube we mean a (2,2d+1) doubling cube. Given two cubes

Q1 ⊂ Q2 in Rd , we set

KQ1,Q2
= 1+

NQ1,Q2

∑
k=1

µ(2kQ1)

l(2kQ1)
n ,

where NQ1,Q2
is the first positive integer k such that l(2kQ1) > l(Q2).

Remark. In this paper, for b ∈ L1
loc(µ), we denote the mean of b over the cube Q by mQb,

that is ,

mQb =
1

µ(Q)

∫

Q
b(x) dµ(x).

Definition 1.[1] Let (Rd ,µ) be a nonhomogeneous space, b ∈ L1
loc(µ) and ρ > 1 a fixed

constant, we say that b is in RBMO(µ), if there exists a constant C > 0 such that for any cube

Q,
1

µ(ρQ)

∫

Q

∣∣b(x)−m
Q̃

b
∣∣dµ(x) 6 C, (2)

and for any two doubling cubes Q1 ⊂ Q2,

∣∣mQ1
b−mQ2

b
∣∣6 CKQ1,Q2

, (3)

where Q̃ is the smallest doubling cube in the family
{

2kQ
}

(k∈N)
. The minimal constant C in (2)

and (3) is the RBMO(µ) norm of b, and it will be denoted by
∥∥b
∥∥
∗
.

Remark. The definition of RBMO(µ) does not depend on the choice of ρ , see [1].

Definition 2.[2] Let (Rd ,µ) be a nonhomogeneous space, n the fixed number in the growth

condition and 0 < s < n, the fractional integral operator Is on the nonhomogeneous space

(Rd ,µ) is defined by

Is f (x) =

∫

Rd

f (y)∣∣x− y
∣∣n−s dµ(y). (4)

Moreover, if b ∈ RBMO(µ), the commutator [b, Is] is defined by

[b, Is] f (x) =

∫

Rd

[
b(x)−b(y)

] f (y)∣∣x− y
∣∣n−s dµ(y). (5)


