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Abstract. An inverse problem of determining unknown source parameter in a parabolic
equation is considered. The variational iteration method (VIM) is presented to solve
inverse problems. The solution gives good approximations by VIM. A numerical ex-
ample shows that the VIM works effectively for an inverse problem.
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1 Introduction

In this paper, we consider numerical procedures for the following parabolic equation
with a time-dependent coefficient

ut=∆u+
n

∑
j=1

qj(t)uxj
+p(t)u(x,t)+ f (x,t), x∈Ω⊂Rn, 0< t≤T, (1.1a)

u(x,0)= ϕ(x), x∈Ω, (1.1b)

u(x,t)= g(x,t), (x,t)∈∂Ω×[0,T], (1.1c)

subject to the additional condition

∫

Ω
u(x,t)dx= a(t), t∈ [0,T], (1.2)
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where qj(t), j=1,··· ,n, f (x,t), ϕ(x), g(x,t) and a(t) are given continuous functions and Ω

is a bounded domain with continuous boundary. We need to obtain a pair {u(x,t),p(t)}
from (1.1a)-(1.2).

If we let u(x,t) represent the temperature, this problem can model a heat transfer pro-
cess with an unknown source parameter p(t). It can be regarded as a source identification
problem. The parameter p(t) needs to be determined from the additional condition (1.2).

The condition (1.2) is called the thermal energy measurement. It means that we
should measure the thermal energy in every moment to determine the source parameter
p(t). The presence of an integral term in a boundary condition can greatly complicate the
application of standard numerical techniques such as finite differences, finite elements,
spectral methods, etc. It is therefore important to search effective means to deal with it.
When one deals with (1.1a)-(1.2) by finite difference schemes, a very natural ideas is to
utilize the numerical integration as in [1]. The boundary element method was presented
in [2] to discretize the heat equation (1.1a). By means of the fundamental solution and the
Green’s formula, they converted the original differential equation to boundary integral
equation.

The existence, uniqueness and continuous dependence of the solutions to this prob-
lem is discussed in [3, 4].

The variational iteration method(VIM), which was proposed by He [5–8], has been
proved by many authors to be a powerful mathematical tool to deal various kinds of lin-
ear and nonlinear problems [9–12]. In recent years, it was also used to deal with inverse
problems. In [13], using VIM, the authors discussed a one-dimensional parabolic equa-
tion with an unknown parameter p(t) and a constant coefficient q of the first order term.
In [14,15], the authors solved high dimensional semi-linear inverse parabolic equation on
an unbounded domain using VIM. In [16], the authors identified an unknown coefficient
of the first order term of the reaction-diffusion equation using He’s VIM. In this paper,
we will use He’s VIM to solve the inverse problem (1.1a)-(1.2) with variable coefficients
qj(t) (j=1,··· ,n) and unknown coefficient p(t) in a high dimensional bounded domain.
In the end, we test the effect of VIM when the thermal energy measurement a(t) has noise
ǫ(t). We show the stability of this method.

The convergence of VIM was discussed in [17].

2 The variational iteration method

We simplify (1.1a) from the following transformation

v(x,t)=u(x,t)r(t), r(t)=exp
(

−
∫ t

0
p(s)ds

)

. (2.1)

Then

u(x,t)=
v(x,t)

r(t)
, p(t)=−

r′(t)

r(t)
. (2.2)


