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Abstract. In this paper, we are devoted to nonlinear stability and B-convergence of
additive Runge-Kutta (ARK) methods for nonlinear stiff problems with multiple s-
tiffness. The concept of (6,p,q)-algebraic stability of ARK methods for a class of stiff
problems K, - is introduced, and it is proven that this stability implies some contrac-
tive properties of the ARK methods. Some results on optimal B-convergence of ARK
methods for K, g are given. These new results extend the existing ones of RK methods
and ARK methods in the references. Numerical examples test the correctness of our
theoretical analysis.
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1 Introduction

Consider the initial value problems of stiff ordinary differential equations
y (O =F(ty) =M (LyO)+-+fMN(ty), teloT],
(1.1)
y(0)=wo,
where y(t),yo€R™, f and fm :[0,T)x R"—R™ (i=1,2,---,N) are sufficiently smooth vector
functions with multiple stiffness. Assume that the problems (1.1) satisfy
2(fty) — (LD 9)
<ally=gIP+xl ey - D) i=12 N, VygeRT,  (12)
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where 0;, 7; (i=1,2,---,N) are real numbers, the norm ||- || is induced by the standard inner
product (-,-) on R™. Letc=[01,02,--,0N], T=[71, T2, -+, Tn]. The class of all problems (1.1)
satisfying the condition (1.2) is called the class K, . We assume that the true solution y(f)
of (1.1) is unique and sufficiently smooth.

In this paper, the symbol G>0 (G >0) means that the matrix G is non-negative definite
(positive definite), the symbol x > X (x > X) means that the vectors x = [xl,xz,---,xk]T
X =[x1,%, -, %7 € RF satisfy x; > %; (x; > %), i=1,2,--- k. ||G| denotes the norm of the
matrix G, which is subject to the vector norm ||-||; #(G) denotes the logarithmic matrix
norm of G.

For the class K;,r being non-empty, it is easy to prove that 0;7;<1 when 7;<0 for
j€{1,2,---,N}. In fact, if K, is not empty, then there exists an initial value problem be-
longing to K, - with the vector function fl (t,y) satisfying the condition (1.2), i=1,2,---,N.
Obviously, 0j7; <0 when 7;=0 or 7; <0, 0; >0 for j € {1,2,---,N}. When 7;<0,0;<0, we
have

7

oilly =g+l () — A (I
>2(fU(ty) - f(E7),y—7)
> =2y =gl I/ (ty) — 7 ()l

1 ~ ‘ ,
>— [y =7+l ty) - F D)1,
j

for Vt >0, Vy,y € R, y #y. Thus 0;>1/7j, i.e., 0T <1. This fact for the class K, ; with
N =1 was shown in [25]. Therefore, in this paper, we further assume that the class K, -
satisfies the conditions 0;7; <1,i=1,2,---,N.

In [25], some properties of the class K, with N =1 are given. Now, we extend them
to the case N >1.

Lemma 1.1. If 0 <0, then

Ky CK ) for Ve=(gy,2,---,en)T >0,

oc—eT+M(e,0,T
where

<7 ~F - — 14+v/1—0;13\2
M(e,0,7) = (e1M(01,m1),62M(02,12), -+ enM(on,™n)) T, M(Ui/Ti):<7'll) :

i

Proof. For any problems belonging to the class K, ., Egs. (1.1)-(1.2) yield

ailly =717+ 2ly =gl (Ey) = O DI+l £ ) — I ()P =0,

and

oilly =l () = F DI < V=l f(y) — 1 (),



