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Abstract. We investigate the superconvergence properties of the constrained
quadratic elliptic optimal control problem which is solved by using rectangular
mixed finite element methods. We use the lowest order Raviart-Thomas mixed
finite element spaces to approximate the state and co-state variables and use piece-
wise constant functions to approximate the control variable. We obtain the super-
convergence of O(h1+s) (0<s≤1) for the control variable. Finally, we present two
numerical examples to confirm our superconvergence results.
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1 Introduction

In this paper, we focus on the superconvergence properties of rectangular mixed fi-
nite element methods for linear elliptic optimal control problem. Optimal control
problems are playing increasingly important role in the design of modern life. They
have various applications in the operation of physical, social, and economic processes.
Among the available numerical methods, finite element methods for state equations
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enjoy wide application (though other methods are also used of course). Many experts
have made various contributions to the finite element methods for optimal control
problems. Let us first mention two early papers devoted to linear-quadratic optimal
control problems by Falk [11] and Geveci [12]. Moreover, Arada et al. [2] studied
the numerical approximation of distributed nonlinear optimal control problems with
pointwise constraints on the control. Meyer and Rösch [21] analyzed the discretization
of the dimensional (2-d) elliptic optimal control problem. It is proved that these ap-
proximations have convergence order h2. A posteriori error estimates for distributed
convex optimal control problems and nonlinear optimal control problems have been
obtained in [17, 18]. Huang et al. [15] constructed an adaptive multi-mesh finite ele-
ment scheme for constrained distributed convex optimal control problem.

Compared with standard finite element methods, the mixed finite element meth-
ods have many advantages. In many control problems, the objective functional con-
tains the gradient of the state variables. Thus, the accuracy of the gradient is important
in numerical discretization of the coupled state equations. Mixed finite element meth-
ods are appropriate for the state equations in such cases since both the scalar variable
and its flux variable can be approximated to the same accuracy by using such meth-
ods. Some specialists have made many important works on some topic of mixed finite
element method for linear optimal control problems.

Recently, in [8, 9], we obtained a posteriori error estimates and a priori error es-
timates of mixed finite element methods for quadratic optimal control problems. In
[6, 7], we used the postprocessing projection operator to prove a quadratic supercon-
vergence of the control by mixed finite element methods. We investigated the optimal
control problem with the admissible control set, defined by

Uad =
{

u ∈ L2(Ω) : a ≤ u ≤ b, a.e. in Ω
}

,

where a and b are two real numbers, and obtained the superconvergence of O(hs+1)
(for some 0<s≤1) for the control variable which is approximated by piecewise con-
stant functions. Compared with it, our work changes the admissible set and we also
get the same result.

For the constrained optimal control problem, the regularity of the optimal control
is generally quite low. The goal of this paper is to investigate the superconvergence
for the elliptic optimal control problem with a special admissible set which will be
specified later.

We are concerned with the two dimensional elliptic optimal control problem

min
u∈Uad

{
1
2
‖p− pd‖2 +

1
2
‖y− yd‖2 +

ν

2
‖u‖2

}
, (1.1)

subject to the state equation

divp + a0y = u, p = −A(x)grady, x ∈ Ω, (1.2)

with the boundary condition

y = 0, x ∈ ∂Ω, (1.3)


