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Abstract. The solution of boundary value problems (BVP) for fourth order differ-
ential equations by their reduction to BVP for second order equations, with the aim
to use the available efficient algorithms for the latter ones, attracts attention from
many researchers. In this paper, using the technique developed by the authors in
recent works we construct iterative method for a problem with complicated mixed
boundary conditions for biharmonic equation which is originated from nanoflu-
idic physics. The convergence rate of the method is proved and some numerical
experiments are performed for testing its dependence on a parameter appearing
in boundary conditions and on the position of the point where a transmission of
boundary conditions occurs.
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1 Introduction

The solution of fourth order differential equations by their reduction to BVP for the
second order equations, with the aim of using available efficient algorithms for the lat-
ter ones, attracts attention from many researchers. Namely, for the biharmonic equa-
tion with the Dirichlet boundary condition, there has been intensive investigation on
the iterative method, which leads the problem to two problems for the Poisson equa-
tion at each iteration (see, e.g., [8,9,11]). In 1992, Abramov and Ulijanova [1] proposed
an iterative method for the Dirichlet problem for the biharmonic type equation, but
the convergence of the method is not proved. In our previous works [3, 4, 6, 7] with
the help of boundary or mixed boundary-domain operators introduced appropriately,
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we constructed iterative methods for biharmonic and biharmonic type equations as-
sociated with the Dirichlet, Neumann or simple type of mixed boundary conditions.
These iterative methods are originated from our earlier works [2, 5].

In this work we develop our technique for a problem with rather complicated
mixed conditions for biharmonic equation, namely, we consider the following prob-
lem

∆2u = f , in Ω, (1.1a)
∂u
∂x

= g1,
∂∆u
∂x

= g2, on Γ1 , (1.1b)

u = g3,
∂u
∂y

+ b∆u = g4, on Γ2, (1.1c)

∂u
∂x

= g5,
∂∆u
∂x

= g6, on Γ3, (1.1d)

u = g7, on Γ4 ∪ Γ5, (1.1e)
∂u
∂y
− b∆u = g8, on Γ4, (1.1f)

∆u = g9, on Γ5, (1.1g)

where Ω is the rectangle (0, l1)× (0, l2), and Γ1, · · · , Γ5 are parts of the boundary Γ=∂Ω
as shown in Fig. 1, ∆ is the Laplace operator, f and gi (i=1, · · · , 9) are functions given
in Ω and on parts of the boundary Γ, respectively, b =const≥ 0.

This problem with special right hand sides in equation and boundary conditions
describes the slip behaviour in liquid films on surfaces of partterned wettability (see
[12]). For the problem in general setting (1.1), we propose an iterative method which
reduces it to a sequence of problems for the Poisson equation. The convergence of the
method will be established and the numerical experiments will confirm the efficiency
of the method under investigation.

y

O x

Γ2Γ2

Γ3

Γ1

Γ4aΓ5

l2

l1

Ω

Figure 1: Domain Ω and parts of its boundary.


